In recent years there has been increasing interest in the use of polarization for imaging objects in a cluttered environment. Examples are optical imaging through clouds, optical detection of objects in a biological medium, and microwave detection of objects in clutter. We extend previous studies of continuous-wave scattering to pulse-polarization scattering in discrete scatterers. We solve the timedependent vector radiative transfer equation for a plane-parallel medium by using Mie scattering and the discrete ordinates method. The time-dependent degree of polarization and cross-polarization discrimination are calculated and verify the advantages of circular over linear polarization in maintaining greater copolarized components rather than cross-polarized components.
Introduction
There has been increasing interest in the use of polarization in imaging through cluttered media. Optical imaging through clouds and fog, imaging in biological media, and microwave detection in clutter can benefit from the additional information provided by the polarization characteristics. In particular, it was noted that circular polarization maintains its copolarized components farther into the medium than do cross-polarized components, thus helping to improve resolution. [1] [2] [3] [4] [5] [6] [7] Polarization pulse propagation in random media has also received attention; most of those studies were based on Monte Carlo calculations. 4 -7 We previously conducted studies of cw polarized waves in discrete scatterers based on vector radiative transfer and the discrete ordinates method. 8 -10 In this paper we extend our previous study to polarized pulses, based on time-dependent vector radiative transfer for a plane-parallel medium. We solve this time-dependent vector radiative transfer equation numerically, using the discrete ordinates method, by first modifying the radiative transfer equation to obtain an equation that is numerically stable. The Mueller matrix, including the size distributions, is obtained from Mie scattering. The solution in the frequency domain is then Fourier transformed to yield the pulse solution.
In this paper we study the specific intensity in a slab of a random medium of discrete spherical scatterers. We consider the pulse wave's intensity and its polarization characteristics as the optical depth varies. We analyze the time-resolved solutions when linear and circular polarized pulses are incident upon the random medium.
Numerical solutions are presented for latex spheres in water and for fog particles in air. The vector radiative transfer equation is solved by use of Mie scattering and the discrete ordinates method. Time-dependent Stokes vectors are obtained for linear and circular polarization waves in discrete scatterers. Specific intensities, degree of polarization, and cross-polarization discrimination are calculated as functions of optical depth and normalized time, verifying our conclusions regarding linear versus circular polarization. Also included are some discussions of time-dependent snake waves.
Modified Pulse Vector Radiative Transfer Equation
Consider narrow-band, time-dependent vector radiative transfer equations in a plane-parallel medium over optical distance domain , defined by ϭ t z, where is the number density, t is the total cross section of a single particle, and z is the actual distance in the medium measured from the incident side of the slab (Fig. 1) . Note that 0 is the optical depth, defined by 0 ϭ t L, where L is length of the slab of the random medium. The time-dependent vector radiative transfer equation is ‫ץ‬ ‫ץ‬
where I is the modified Stokes parameter, defined by
where E 1 and E 2 are the electric field components in the and directions, respectively. An asterisk indicates a complex conjugate. Angle brackets mean an ensemble average. T denotes the transpose of a matrix. The boundary conditions of I are
meaning that there is no other intensity coming into the slab of the random medium except input intensity. ϭ cos is the cosine of the polar angle, F 0 is the source term that corresponds to the incident flux magnitude, and S is the Mueller matrix defined in Eq. ͑10͒ below. t is the normalized time ͓actual time͑͞L͞c͔͒, where c is the speed of light in the medium. f ͑t, ͒ is the input pulse at t and . If the input is a delta function, we have
If it is a Gaussian pulse, we have
where T 0 is the pulse duration. Now we take the Fourier transform of Eq. ͑1͒ and obtain ‫ץ‬ ‫ץ‬
where
and f ͑, ͒ is given by
for a delta function input and by
for a Gaussian pulse. Note that Eq. ͑9͒ is identical to Eq. ͑8͒, except that it is multiplied by the Gaussian spectrum exp͓Ϫ͑ 2 T 0 2 ͞4͔͒. Mueller matrix S is given by 8 where the scattering amplitudes f 11 , f 12 , f 21 , and f 22 are calculated by Mie theory, as explained in Appendix A. 9, 10 For the development of the solution later in this paper, we write the Mueller matrix as
In solving Eq. ͑6͒ numerically it will soon become apparent that the solution is highly unstable because of the presence of the high-frequency component exp͑i͞ 0 ͒ in Eq. ͑8͒ or ͑9͒. To obtain a stable solution we let
and obtain the modified vector radiative transfer equation
The solution of Eq. ͑13͒ is in the frequency domain.
To get the time-domain solution we use the Fourier transform given by
where I d ͑t, ͒ is the diffuse Stokes vector in the time domain,
Incidence of Linear Polarization
For a linearly polarized incident wave, the reduced ͑coherent͒ Stokes vector I ri is
The diffused specific intensity I d ͑t, ͒ can be decomposed by use of the Fourier expansion as
For a normally incident plane wave, there are only two nonzero Fourier expansions, namely, mode zero ͑n ϭ 0͒ and mode two ͑n ϭ 2͒. They are also uncoupled. As a result, we can reduce radiative transfer equation ͑13͒ to two separate equations. The equation for mode zero is
S 1 , S 2 , S 3 , and S 4 are from Eq. ͑11͒. Therefore the diffused Stokes intensity is the combination of the mode-zero diffused Stokes intensity and the mode-two diffused Stokes intensity as follows:
Incidence of Circular Polarization
For circularly polarized incidence, the reduced ͑co-herent͒ Stokes vector I ri is
By the same Fourier series decomposition of the diffused Stokes intensity as in the linearly polarized case, the only nonzero mode is mode zero ͑n ϭ 0͒. Also, the radiative transfer equation is uncoupled into two separate equations that can be solved independently:
The diffused specific Stokes intensity is
The left-handed and right-handed circularly polarized intensities are given by
Numerical Solutions for Latex Microspheres Suspended in Water
We solved Eqs. ͑19͒ and ͑22͒ for linear polarization and Eqs. ͑28͒ and ͑39͒ for circular polarization by using the discrete ordinates method. Our calculations use 0.53-m light in water. To study the effect of the size of the particle, we used particle diameters 0.22, 0.48, and 1.05 m, corresponding to size parameters ͑ka͒ 1.23, 2.69, and 5.89, respectively. In other calculations we used the particle-size distribution listed in Table 1 . We applied the Gauss quadrature to the domain, using a total of 40 points. Throughout the paper we are interested only in the forward ͑ ϭ 3°, ϭ 0 ͒, off-axis ͑ ϭ 40°, ϭ 0 ͒, and backward ͑ ϭ 180°, ϭ 0͒ portions of the results. For continuous waves we solved these equations for only the zero frequency. We calculated the specific intensity and the degree of polarization as a function of optical depth. The degree of polarization is defined as
The cross-polarization discrimination ͑XPD͒ shows the ratio of copolarized to cross-polarized components: For the pulse case, the input pulse is the Gaussian pulse with a width of 1͞10 of the normalized time. The normalized time is defined by actual time divided by ͑L͞c͒, where L is the length of the slab of the random medium and c is the speed of light in the medium.
In the pulse calculation we consider the number of frequencies used to resolve the time-dependent function. This involves stability of the solution and the computer resources available. These issues are not discussed here. We used 1001 frequency points with a total time length of 50 normalized time. The results that we got from solving Eqs. ͑19͒, ͑22͒, ͑28͒, and ͑29͒ are only diffused intensity with impulse input. As a result, the diffused intensity when the input pulse is Gaussian is the convolution of the input pulse with the time-resolved results in Eqs. ͑26͒ and ͑32͒. For linear polarization, the copolarized intensity is I 1 and the cross-polarized intensity is I 2 . For circular polarization, the copolarized intensity is I lhc and the cross-polarized intensity is I rhc . In the forward direction, the total intensity is a combination of reduced intensity and diffused intensity, where is the field of view in radians:
The total intensity is only the diffused intensity for the off-axis and backward directions, because the reduced intensity is zero in those cases. The results of the calculations are as follows:
A. Effects of Size on Degree of Polarization
The effects of size on the degree of polarization are shown in Fig. 2 . For small size, the degree of polarization ͑DOP͒ is greater for linear polarization ͑LP͒ than for circular polarization ͑CP͒, whereas for large size, the degree of polarization for CP is greater than for LP.
B. DOP and XPD versus Optical Depth
Circular polarization maintains its DOP better than LP for both forward ͑Fig. 3͒ and backward ͑Fig. 4͒ scattering. Generally, CP gives a higher XPD than LP. For backward scattering, CP maintains its DOP better than LP. However, XPD is higher for LP than for CP.
C. Snake Waves in the Near-Forward Direction
Snake waves for CP are greater than for LP in small optical depth, as shown in Fig. 5 .
D. Pulsed Scattered Waves in Forward and Backward Directions
Pulsed scattered waves exhibit the characteristic that CP is generally superior to LP in terms of DOP and XPD for forward scattering, as shown in Fig. 6 . However, in the backward direction, the XPD for LP is higher, as illustrated in Fig. 7 . We use 0 ϭ 10 in both cases.
E. Pulsed Snake Waves
The strong presence of snake waves is apparent for small optical depths for the results compared in Fig.  8 . Figure 8͑a͒ shows the pulsed snake wave in for 0 ϭ 1, which exhibits greater intensity than that for 0 ϭ 10 shown in Fig. 8͑b͒ .
Numerical Solutions for Pulse Scattering in Fog Particles
We use a wavelength of 1 m over a distance of 1 km, giving an optical depth of 1.16. The diameters of the fog particles are listed in Table 2 . The results are summarized as follows:
A. DOP and XPD As Functions of Normalized Time Figures 9 and 10 show the DOP and the XPD for ϭ 1 m in the forward and backward directions, respectively. Results indicate that, as time increases, CP maintains its degree of polarization better than LP in the forward and off-axis directions.
B. Pulsed Snake Waves
Pulsed snake waves for ϭ 1 m are shown in Fig.  11 . The presence of snake waves is evident. 
Conclusions
We have developed a numerically stable, modified vector radiative transfer formulation for polarized pulse scattering in random media. The solution for this vector radiative transfer equation is used to show the difference between circular and linear polarization and near-axis and off-axis scattering.
In general, circular polarization has higher copolarized and lower cross-polarized components than linear polarization, and these characteristics may be used to improve imaging in a cluttered environment. It is also shown that the near-axis intensities are considerably higher than the off-axis intensities, indicating the snake wave phenomenon.
